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FOREWORD 


This  report,  OSURF  Report;  Number  2183-1,  was  prepared  by 
The  ElectroScience  Laboratory,  Department  of  Electrical  Engineering, 
The  Ohio  State  University  at  Columbus,  Ohio.  Research  was  conducted 
under  Contract  AF  19(623)-5929 .  Dr.  John  K.  Schindler ,,  CRDG  of  the 
Air  Force  Cambridge  Research  Laboratories  at  Bedford,  Massachusetts 
was  the  Program  Monitor  for  this  research. 


ABSTRACT 


The  geometrical  theory  of  diffraction  is  applied  to  calculate 
the  wide  angle  side  lobes  of  a  parabolic  reflector  antenna.  Integral 
representations  are  used  to  correct  the  field  in  the  forward  and  rear 
axial  directions.  The  complete  patterns  thus  obtained  are  in  excellent 
agreement  with  experimental  patterns  when  the  aperture  blockage  is  not 
significant.  The  solution  has  the  uaual  advantages  of  a  solution  based 
on  the  geometrical  theory  of  diffraction,,  namely,  it  is  obtained  in  (the 
form  of  simple  functions,  its  computation  cost  is  low,  it  is  directly 
related  to  the  radiation  mechanism  of  the  antenna,  and  it  can  be  easily 
modified  and  extended  as  the  need  arises. 
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I.  INTRODUCTION 


This  chapter  contains  a  statement  of  the  problem  under  study  and 
the  motivation  for  undertaking  this  study,  a  synopsis  of  the  method  of 
analysis  used  here,  and  a  brief  survey  of  the  previous  work  on  this 
problem. 


A.  The  Problem 


In  this  report  the  geometrical  theory  of  diffraction  is  applied 
to  calculate  the  wide  angle  side  lobes  of  reflector  antennas.  Although 
there  are  many  types  of  reflector  antennas  this  discussion  will  be 
restricted  to  rotationally  symmetric  reflectors.  The  essential  compo¬ 
nents  are  shown  in  Fig.  1;  they  are  the  feed  antenna  and  the  reflector 
which  serves  to  form  a  beam  of  specified  shape.  Depending  upon  the 
function  of  the  antenna,  the  reflector  surface  may  be  a  portion  of  a 
paraboloidal,  sphe  .leal,  ellipsoidal  or  hyperboloidal  surface  of  revo¬ 
lution.  However,  it  is  commonly  a  paraboloid  of  revolution,  and  the 
examples  treated  here  involve  a  reflector  of  this  type  with  the  feed 
positioned  at  the  focus . 

The  calculation  of  wide  angle  side  lobes  including  the  region 
behind  the  reflector  has  received  slight  attention,  and  these  side 
lobes  are  of  practical  importance  in  cases  where  it  is  desired  to  a) 
reduce  the  interference  between  antennas,  b)  design  low  noise  reflec¬ 
tor  antennas,1  c)  reduce  the  radiation  hazard  to  personnel  and  equip¬ 
ment  exposed  to  high  power  transmitting  antennas. ^ 


B.  The  Approach 

The  pattern  of  the  reflector  antenna  is  composed  of  the  primary 
radiation  of  the  feed  and  the  field  of  the  feed  diffracted  by  the 
reflector.  If  we  consider  that  the  field  of  the  feed  is  shadowed  by 
the  reflector  in  the  geometrical  optics  sense,  the  region  around  the 
antenna  may  be  divided  into  an  illuminated  region  and  a  shadow  region 
where  the  field  is  zero.  At  the  shadow  boundary  the  geometrical  optics 
field  is  discontinuous .  In  the  case  of  the  ellipsoidal  and  hyperboloi¬ 
dal  reflectors  there  are  also  far  zone  reflected  fields  and  associated 
reflection  boundaries. 

Employing  the  geometrical  theory  of  diffraction  developed  by 
Keller,  the  field  of  the  feed  induces  a  class  of  rays  diffracted  at 
the  edge  of  the  reflector.  These  rays  radiate  into  both  the  illumi¬ 
nated  and  shadow  regions  and  their  fields  when  properly  corrected,  as 
described  in  App.  I,  combine  with  the  geometrical  optics  field  to  pro¬ 
duce  a  continuous  total  field  at  the  shadow  and  reflection  boundaries . 
Rays  multiply-diffracted  across  the  aperture  are  not  included  in  this 
analysis;  most  practical  reflectors  are  large  enough  so  that  these  rays 
can  be  neglected. 
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Fig.  1  -  Reflector  Antenna. 

The  forward  and  rear  axial  directions  are  caustics  of  the  rays 
diffracted  from  the  circular  edge  of  the  reflector;  consequently  the 
geometrical  theory  of  diffraction  fails  in  the  neighborhood  of  these 
aspects.  In  the  case  of  the  parabolic  reflector  the  forward  axial 
direction  is  also  a  caustic  of  the  far  zone  reflected  rays.  The  fields 
in  the  cross-hatched  regions  of  Fig.  2  are  calculated  from  integral 
representations.  In  the  forward  axial  region,  the  conventional  aperture 
field  method4  is  employed.  In  the  rear  axial  direction  equivalent  elec¬ 
tric  and  magnetic  ring  currents  are  employed;  these  currents  are  expressed 
in  terms  of  the  edge  diffraction  coefficients. 

In  summary,  the  method  of  solution  described  in  the  following 
chapters  provides  a  complete  360  degree  pattern  in  any  plane  containing 
the  antenna  axis.  Aperture  blockage  by  the  feed  alone  is  treated  approx - 
imately  in  the  usual  manner;  however,  for  reasons  of  simplicity  the 
aperture  blockage  by  the  feed  support  has  not  been  included  in  the  solu¬ 
tion. 


Although  the  analysis  described  in  the  chapters  to  follow  is  applied 
to  calculate  the  far-zone  field  of  an  isolated  reflector  antenna,  it  can 
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Fig.  2  -  Different  regions  of  the  secondary  field  pattern. 

be  extended  to  calculate  a)  the  near-zone  field*  (b)  the  coupling  between 
reflector  antennas,  and  (c)  the  environmental  effect  on  the  pattern  of 
a  reflector  antenna. 


C.  Previous  Work 

Since  the  advent  of  microwaves  as  a  means  of  tracking  and  communi¬ 
cation,  the  interest  in  reflector  antennas  has  grovm  rapidly.  The  sub¬ 
ject  of  reflector  antennas  has  been  treated  ex. ensively  by  both  Silver5 
and  Fradin.0  Though  a  wide  variety  of  papers  on  various  aspects  of  this 
subject  have  been  published,  relatively  few  have  been  concerned  with  the 
wide  angle  radiation.  Tartakovskii7  studied  the  radiation  pattern  of  an 
ideal  paraboloid  using  the  current-distribution8  and  aperture-field 
methods  and  compared  the  regions  of  validity  of  the  two,  Schouten  and 
Beukelraan9  applied  the  current-distribution  method  to  obtain  the  radia¬ 
tion  pattern  for  a  paraboloidal  reflector  with  a  dipole  feed  and  expressed 
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the  radiation  integral  in  the  form  of  an  infinite  series  of  Bessel  func¬ 
tions.  Afifi10  compared  the  experimental  results  obtained  for  t-he  case 
of  a  dipole  feed  with  the  theoretical  results  based  on  the  current- 
distribution  method.  Computations  based  on  the  classical  radiation 
integral  are  very  complicated  compared  with  those  based  on  the  geometri¬ 
cal  theory  of  diffraction.  Furthermore,  they  do  not  correctly  predict 
the  pattern  behind  the  reflector. 

Kinber11  was  the  first  to  apply  the  Keller's  theory  of  diffracted 
rays  to  this  problem.  He  presented  curves  which  show  the  general  behav¬ 
ior  of  the  pattern  for  an  uniformly  illuminated  aperture.  His  results 
were  not  corrected  for  the  shadow  boundary  and  the  rear  axial  caustic. 
Lysher12  and  Peters13  have  both  investigated  the  fields  behind  a  para¬ 
bolic  reflector  using  the  geometrical  theory  of  diffraction,  after 
approximating  the  real  geometry  by  simplified  versions.  Lysher  approx¬ 
imated  the  reflector  by  a  flat  disc,  and  Peters  considered  diffraction 
at  a  half  plane  edge  tangent  to  the  edge  of  the  reflector,  thereby, 
neglecting  the  curvature  of  the  edge.  Nevertheless,  their  results  appear 
to  be  in  reasonable  agreement  with  the  measured  values.  Peters  and 
Rudduck14  and  Peters  and  Kilcoyne15  have  employed  the  geometrical  theory 
of  diffraction  to  explain  the  radiation  mechanism  of  reflector  antennas; 
they  also  describe  how  it  may  be  used  to  improve  the  design.  Recently 
Rusch16  studied  the  edge  diffraction  for  paraboloids  and  hyperboloids 
and  compared  the  patterns  ontained  with  those  obtained  from  an  integral 
formula.  His  results  are  not  valid  at  the  shadow  boundary. 

In  reviewing  the  previous  work  it  is  evident  that  there  is  no 
thorough  treatment  of  the  complete  pattern  of  a  symmetrical  reflector 
antenna.  The  previous  solutions  fail  at  shadow  boundaries  or  caustics, 
or  else  fchoy  approximate  the  reflector  geometry. 


>» 


II.  WIDE  ANGLE  SIDE  LOBES 


This  chapter  brains  with  a  description  of  the  physical  configura¬ 
tion  of  the  reflector  antenna  and  the  various  coordinate  systems  used 
in  its  analysis.  The  field  of  the  primary  feed  radiation  is  described 
next,  and  subsequently,  the  two  point  method  to  determine  the  fields 
away  from  the  axis,  and  the  ring  current  method  to  determine  the  fields 
in  the  rear  axial  region  are  developed. 


A .  The  Configuration  and  the  Coordinate  System 

The  reflecting  surface  considered  here  is  a  portion  of  a  surface 
of  revolution.  Let  the  vertex  of  the  surface  be  contained  in  this  por¬ 
tion.  A  surface  of  revolution  is  generated  by  rotating  a  curve  about  a 
straight  line  referred  to  as  the  axis  of  revolution.  This  surface  is 
terminated  by  a  plane  perpendicular  to  the  axis;  therefore  che  edge  of 
the  surface  is  a  circle  and  the  reflector  is  said  to  be  axially  symmet¬ 
ric.  In  such  a  case  the  circle  containing  the  edge  of  the  reflector  is 
called  the  aperture  circle  and  the  plane  containing  it,  the  aperture 
plane.  The  paraboloid  of  revolution  and  sphere  are  two  reflecting  sur¬ 
faces  of  widespread  practical  interest.  In  the  case  of  the  parabolic 
reflector  the  shape  of  the  reflector  is  commonly  described  in  terms  of 
the  f/D  ratio,  i.e.  the  ratio  of  the  focal  length  to  the  diameter. 

The  reflector  is  assumed  to  have  a  sharp  edge  and  a  perfectly  con¬ 
ducting  surface.  The  feed  is  generally  placed  at  the  axial  focus.  Its 
primary  radiation  pattern  is  in  general  not  isotropic.  The  reflector 
is  assumed  to  be  in  the  far  zone  region  of  the  primary  radiation  field, 
and  the  dimensions  of  the  reflector,  as  well  as  the  distance  to  the 
field  point  are  assumed  to  be  large  compared  with  a  wavelength,  thus 
the  geometrical  theory  of  diffraction  can  be  employed  to  calculate  the 
field  of  the  edge  diffracted  rays. 

Four  coordinate  systems  are  used  in  this  analysis  to  describe  the 
field  of  the  primary  feed,  the  aperture  and  edge  geometry  and  the  far 
zone  field  of  the  reflector  antenna.  The  field  of  the  feed  is  described 
in  the  spherical  coordinate  system  shown  in  Fig.  3a>  which  is  centered 
on  the  axis  of  the  reflector  at  the  phase  reference  of  the  feed;  this 
field  may  be  obtained  either  from  calculation  or  measurement.  The  coor¬ 
dinate  system  shown  in  Fig.  3b  is  introduced  to  describe  the  field  of 
the  feed  at  the  reflector;  it  has  the  same  origin  as  the  previous  coor¬ 
dinate  system,  but  its  polar  axis  is  the  z  axis  instead  of  the  y  axiz. 
Setting  f  -  n  -  O',  the  transformation  of  variables  and  unit  vectors, 
denoted  by  a  superscript,  between  the  two  coordinate  systems  is 


cos  y  =  cos  epp  sin  0p 
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(1) 


(2) 

-  cos  cp'  sin  \|r  =  sin  cpp  sin  0p 

(3) 

«  =  -  0f.  8iml..?os  A  +  ( C0£_A 

p  '  v  a 

(4) 

£«—  §  cos  cp*  _  »  sin J.'  cos  <p 

P  Ti  P 

where 

(5) 

(3  =*Jl  -  sin2  sin2  cp*  , 

The  cylindrical  coordinate  system  (p^cp*  ,z’)  shown  in  Fig.  3e  is 
used  to  describe  the  aperture  and  edge  of  the  reflector;  its  origin  is 
at  the  center  of  the  aperture.  This  coordinate  system  is  useful  in  the 
description  of  the  edge  diffracted  rays,  aperture  fields,  and  equivalent 
edge  currents  which  will  be  described  later.  Finally  we  have  the  sphere 
cal  coordinate  system  shown  in  Fig.  3d  to  describe  the  far  zone  field  of 
the  reflector  antenna.  The  origin  of  this  coordinate  system  coincides 
with  that  of  Fig.  3c. 


3 ,  The  Field  of  the  Feed 


For  the  purpose  of  the  present  analysis,  the  feed  is  assumed  to  be 
a  radiator  whose  dimension  is  small  compared  with  the  aperture  diameter 
ana  its  pattern  is  assumed  to  be  broadly  directional  with  its  maximum 
value  coincident  with  the  reflector  axis.  Furthermore,  for  the  sake  of 
simplifying  the  following  discussion  the  pattern  of  the  feed  is  assured 
to  be  linearly-polarized  in  the  direction  0f.  It  is  clear  that  this  is 
not  an  essential  restriction  because  an  elliptically  polarized  field 
can  always  be  represented  as  a  sum  of  linearly  polarized  fields.  For 
the  linear  polarization  state  just  described  the  yz-plane  is  the  E-plane 
and  the  xz-plane  is  the  H-plane. 

In  the  far  zone  the  field  of  the  feed  is  given  by 

(6)  &  =  -  0f  A  g(9f,(pf)  A  jkR  , 

where 

(7)  h  =  -  SLiJi-Si!  . 

sin  0f 
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Fig.  4  -  The  two  edge  diffracted  rays  which  contribute  to 
the  field  behind  the  reflector. 


A  is  the  normalization  constant, 

g(0f,cpf>)  is  the  primary  feed  pattern  (with  its  maximum  magnitude 
equal  to  unity). 

In  terras  of  the  coordinate  system  shown  in  Fig.  3b 


(8) 


Ef(R‘ 


A  £ 


p,  cos  \jr  sin  (p* 


where 


(9)  =  s(Sr,cpf) 

In  the  E-  and  11-planes  the  above  expression  reduces  to 


(10)  =  +  0f  A  fe(+)  ^ 

where  the  sign  is  determined  by  sgn(-rcos .$) , 
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(11) 


=  y  a  fh(*) 


_e-DkR« 

R* 


> 


in  which  the  pattern  functions  fe  and  may  be  written  as  functions  of 
only  in  the  two  principal  planes. 


C.  The  Two  Point  Method 


As  mentioned  earlier,  this  method  is  used  to  calculate  the  field 
of  the  reflector  antenna  at  aspects  away  from  the  forward  and  rear  axes 
of  symmetry.  It  should  be  noted,  however,  that  the  two  point  method  is 
applicable  to  all  practical  single  reflector  antennas. 

Earlier  it  was  pointed  out  that  according  to  geometrical  optics 
concepts  the  region  surrounding  the  reflector  antenna  may  be  divided 
into  an  illuminated  region  and  a  shadow  region.  The  geometrical  optics 
field  at  any  field  point  P  is  then  given  by 

!Ef(P),  P  in  the  illuminated  region. 

0,  P  in  the  shadow  region. 

This  geometrical  optics  field  propagates  along  ray  paths  which  emanate 
radially  from  F. 

Next  let  us  turn  our  attention  to  the  diffracted  rays  and  field  at 
P.  Consider  the  path  from  F  to  P  which  also  includes  a  point  on  the 
edge  of  the  reflector;  the  path  consists  of  two  straight  line  sections 
in  a  homogeneous  medium.  There  exist  two  points  Qx  and  Qa  on  the  edge 
of  the  reflector  which  make  the  distance  along  this  path  a  minimum  and 
maximum,  respectively.  According  to  Keller's  extension  of  Fermat's 
principle  these  minimum  and  maximum  paths  are  the  trajectories  of  two 
edge  diffracted  rays.  We  may  fix  Qx  and  Qa  in  the  following  way.  Let 
V  be  the  vertex  of  the  reflector;  the  plane  defined  by  FVP  intercepts 
the  edge  of  the  reflector  at  Qx  and  Qs, 

The  total  field  at  P 

(13)  E(P)  =  Eg*0,(P)  *  E^P) 

where  E^(p)  is  the  sum  of  the  fields  which  are  edge  diffracted  at  Qx 
and  Qa.  However,  over  a  certain  range  of  0,  the  contributions  to  the 
diffracted  field  come  only  from  one  of  these  two  points  as  the  other 
gets  shadowed  by  the  reflector  itself,  as  shown  in  Fig.  5«  Thus 

+  E^(P).  p  visible  from  Q,  and  Q, 

<1*0  M-L 

P  not  visible  from  Q2 


9 


•Fig.  5  -  Different  regions  illuminated  by  the  two  edge  diffracted  rays. 

where  Ej  (?) ,  E^CP)  are  the  fields  of  the  edge  d  .ffracted  rays  at  Qj  and 
Q2,  respectively.  The  ray  incident  on  the  edge  at  Q2  gives  rise  to  a 
surface  diffracted  ray  which  propagates  along  the  back  surface  of  the 
reflector.  The  surface  ray  sheds  rays  tangentially  so  it  propagates 
into  the  shadow  region  shown  in  Fig.  5.  These  rays  have  not  been 
included  in  our  analysis;  in  general,  their  effect  on  the  pattern  is 
very  small.  The  contributions  from  rays  multiply-diffracted  across  the 
aperture  and  from  rays  diffracted  from  the  edge  and  then  reflected  from 
the  inner  surface  of  the  reflector  are  small  and  have  been  neglected. 

Since  high  frequency  diffraction  is  essentially  a  local  phenomenon, 
E|(P)  can  be  determined  in  terms  of  the  reflector  and  ray  .geometry  at 
the  point  of  diffraction  on  the  edge.  The  field  of  an  edge  dif¬ 
fracted  ray  is  given  by17 
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(15) 


— “cl 


~1‘> 


Ej(P)  =  D(Qi)  *  E  (Qj.) 


Pi 


ri(Pi  +  ri) 


“^kri 


where 


D  is  the  dyadic  diffraction  coefficient  for  a  straight  edge, 

E  (Qi)  is  the  electric  field  of  the  feed  at  edge  at  Qi, 
i  s  1,  2. 

is  the  distance  of  the  caustic  from  the  edge  at  Q^,  and, 
rj[  is  the  distance  from  to  P, 

5  and  p  are  both  as  defined  by  Kouyoumjian, 18  and  they  are  given  in 
App.  I  and  App.  II.  respectively. 

Referring  to  these  appendices,  it  is  seen  that  5  is  a  function  of 
the  incident  and  diffracted  ray  geometries  at  the  edge;  it  does  not 
depend  on  edge  curvature.  The  curvature  of  the  edge  is  taken  into 
account  by  the  divergence  factor,  the  square  root  term  in  Eq.  (15), 
which  is  expressed  in  terms  of  the  caustic  distance  at  the  edge. 

Next  let  us  explicitly  determine  the  caustic  distance  px,  p2  at 
Qi,  Qs.  We  define  the  radius  of  the  aperture  to  be  a,  the  distance 
from  the  focus  F  to  any  point  on  the  edge  to  be  R0,  the  angle  subtended 
by  the  edge  at  F  to  be  2a  (Fig.  5),  the  distance  from  the  center  of  the 
aperture  0  to  the  field  point  P  to  be  R  (Figs.  3d,  k) . 

As  shown  in  App.  II,  the  caustic  distances  for  this  are 


(16) 

and 

(17) 


Pi  = 


ar-, 


R  sin  0  -  a 


P  2  -  - 


ar2 


R  sin  0  +  a 
Thus  at  ,  the  divergence  factor  becomes 


(18a) 


Pi 


rj(pi  +  ri)  V^i  V  R  sin  0 


and  at  Q2, 


11 


1 


(3.8b) 


In  the  far  zone  the  divergence  factors  reduce  to 


0  /  a 

*  R  Y sin  0 

at  Qx  and  Qa,  respectively.  The  factor  j  is  caused  by  the  phase  dis¬ 
continuity  which  occurs  at  the  caustic  between  Qa  and  the  field  point. 

Substituting  from  Eqs.  (19a)  and  (3.9b)  into  Eq.  (15)  and.  making 
use  of  the  far  zone  approximations 

(20)  rx  «  R  -  a  sin  0  , 

(21)  r2  -  R  +  a  sin  0  , 

in  the  phase  term  and  rx,  r2  =  R  in  the  amplitude,  we  have  for  the  far 
zone  edge  diffracted  fields 


(19a, b) 


(22) 

(23) 


_d.  ,  =  f~T"  e“3k(R  "  a  sin  0) 

_4,  ,  .  _f  r— 5—  +  a  sin  e)  +  j| 

ffi(P)  =  D(q2)  •  Ef(Q2)  -2—  |  2 

*  V  sir.  0  K 


It  is  seen  that  the  scalar  product  of  D  and  Ef  depends  on  the 
polarization  of  the  electric  field  of  feed  with  respect  to  the  diffract¬ 
ing  edge.  From  Eqs.  (10)  and  (11)  we  see  that  this  electric  field  is 
normal  to  the  edge  for  the  E-plane  pattern  whereas  it  is  parallel  to 
the  edge  on  the  H-plane  pattern.  The  pattern  in  these  two  planes  is  of 
particular  interest;  the  analysis  for  each  case  is  carried  our  sepa¬ 
rately. 

a)  E-plane  Analysis  ($  =  7t/2) 

points  Qj.  and  Qs  lie  in  the  yz-plane  as  shown  in 
(10)  yields  for  the  incident  field  at  Qx, 

„  „  „-jkR0 

E‘(Qi)  »  (x  x  Ix)  Afe(a)  ~ 

the  edge  of  the  reflector.  From  Fig.  6  one  obtains 
ex  =  -  x  , 


The  two  edge 
Fig.  6.  Equation 

(24) 

in  which  =  a  at 
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(b)  SIDE  ViEW 


Fig.  6  -  Geometry  o f  the  edge  diffracted  rays  in  the  E-pla::e. 
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(31) 


_f.  .  *  ,  .  e~^k(R  “  b  cos  0) 

E*(P)  =+  0  Afe(\{r)  | 


where  the  sign  is  determined  by  sgn(cos  9)  and 

b  is  the  distance  between  the  aperture  center  and  the  focus. 


b)  H-plane  Analysis  ($  =  0) 

The  configuration  of  rays  for  this  case  is  shown  in  Fig.  7*  The 
points  Qx  and  now  lie  in  the  xz-plane.  The  electric  field  in  the 
incident  ray  is  given  by  [Eq.  (ll)] 


(32) 


-f/~  s  r.  /.a  e“^kRo 


E£(Qi)  =  y  Afh(a) 


Ro 


A  A  A  A 


Therefore 

D(Qi)  •  ^(Qi)  =  [yyPs(Qi)  +  (y*d)  (yxli)  Dh(Qx)]  •  y  E*(Qx) 

e-^o 


(33) 


=  y  Ds(QjJ  Afjj(o;)_ 


Ro 


Next  on  substituting  Eqs.  (33)  in  Eq.  (15)  and  employing  Eqs.  (19),  (20), 
(21)  after  making  the  usual  far  zone  approximations,  one  obtains 


(34)  Sj(P)  =  yAfh(a) 


,-jkRo. 


Rr 


Es(Qx) 


a  e 


-Jk(R  -  a  sin  0) 


sin  9  R 


(35)  5g(P)  -  *yAfh(o)  -S'JkSs(q a) +  *  6)  +  %  ’ 

R0  Y  sm  e  It 


and 

(36) 


_f.  .  -  ,  .  e~0R(R  -  b  cos  9) 

EX(P)  =  yAfh(t)  | 


The  total  E-  and  H-plane  fields  in  various  regions  lying  away  from 
the  axis  can  now  be  obtained  on  substituting  Eqs.  (26).,  (28)  and  (31) 
or  Eqs.  (34),  (35)  and  (36)  in  Eqs.  (13  and  14).  If  the  tangent  tc  the 
surface  at  the  edge  makes  an  angle  0t  with  the  z-axis,  the  region  given 

by  0t  <  0  <  |f  will  be  seen  only  by  one  of  the  two  points;  see  Fig.  5* 

The  shadow  boundary  for  feed  illumination  is  given  by  0  =  n  -  a.  The 
fields  contributing  to  the  illumination  of  the  different  regions  are 
presented  in  tabular  form;  again  it  is  convenient  to  refer  to  Fig.  5* 
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Table  1  -  Total  Fields  in  Different  Regions  covered 
by  the  Two  Point  Method 


Region _ 

e<;g 

I  <  0  <  («-cc) 
(n-cc)  <  0  <  0t 
H  <  e 


Total  Field 

Ef  +  E?  +  lj 

— f  =d 
E  +  Ei 


-d 

ET 

— d.  — d 

Ei  +  Es 


The  diffraction  coefficients  appearing  in  Eqs.  (25)  and  (33) 
include  the  correction  factor  F  which  will  take  into  account  the  smooth 
variation  of  the  total  fields  across  the  shadow  boundary.  Therefore* 
this  transition  region  has  not  been  considered  separately. 

Both  the  E-  and  H-plane  fields  are  calculated  using  this  method 
over  the  complete  range  of  aspects  except  in  the  vicinity  of  8  =  0 
and  0  =  j(.  The  aperture  field  method  and  the  ring  current  method  will 
give  the  contributions  to  the  field  at  aspects  around  0  =  0  and  0  =  n, 
respectively. 


D.  The  Ring  Current  Method 

The  rear  axis  of  the  reflector  forms  a  caustic  for  the  diffracted 
rays  and  therefore,  the  geometrical  theory  of  diffraction  cannot  be 
applied  directly  to  find  the  field  in  this  direction.  As  mentioned 
previously,  a  different  method  employing  equivalent  ring  currents  will 
be  used  for  this  purpose. 

The  relationship  of  these  equivalent  currents  flowing  along  the 
edge  of  the  reflector  and  the  scalar  diffraction  coefficients  for  the 
hard  and  soft  boundary  conditions  may  be  deduced  by  examining  the  two- 
dimensional  diffraction  of  a  plane  wave  normally  incident  on  a  perfectly- 
conducting  half  plane.  We  will  consider  two  cases  separately,  in  one 
case  the  incident  electric  field  is  parallel  to  the  edge  and  in  the 
other,  the  incident  magnetic  field  is  parallel  to  the  edge.  Using  the 
geometrical  theory  of  diffraction  the  diffracted  electric  field  in  the 
first  case  is  found  to  be 

(3?)  Ed  =  Ei(Q)  Dg(Q)  , 

and  the  diffracted  magnetic  field  in  the  second  case  to  be 
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(38) 


> 


H*  =  ^(Q)  Dh(Q)'^| 


-jks 


where  s  is  the  pei'pendicular  aistance  from  the  edge  to  the  1‘ield  point. 
Alternatively,  these  diffracted  fields  may  be  described  in  terms  of 
electric  and  magnetic  line  currents  I  and  M  flowing  along  the  edge  of 
the  half  plane. 


(39) 

=  -  k20  ^ 
*^8«ks 

and 

(40) 

H4  =  -  kY0 

*>/8nks 

e-jks 


e-Oks 


I 


M 


> 


In  the  case  of  an  arbitrarily  polarized  incident__wave,  E  1(Q)  must 
be  replaced  by  its  component  tangent  to  the  edge  e  •  Ei(Q)  and  H1(Q) 
must  be  replaced  by  its  component  tangent  to  the  edge  e  •  H^Q).  With 
this  in  mind  and  comparing  Eq..  (37)  with  Eq.  (39)  and  Eq.  (40),  it  is 
seen  that  the  equivalent  electric  and  magnetic  edge  currents  are 


in  which  I  is  a  unit  vector  in  the  direction  of  incidence  and  we  have 
made  use  of  the  relationship 

(43)  hMq)  =  1 

It  is  seen  that  these  equivalent  edge  currents  not  only  are  a 
function  of  the  position  on  the  edge,  but  they  also  depend  upon  the 
angles  of  incidence  and  diffraction  (as  defined  in  Fig.  17  of  App.  i) 
at  the  edge  point  in  question. 

These  currents  are  now  used  to  calculate  the  field  directly  on 
the  rear  axial  caustic  of  the  reflector  antenna.  It  can  be  shown  that 
this  procedure  leads  to  a  result  identical  with  that  obtained  when  the 
Braunbek  currents19’20  are  employed  and  the  field  on  the  axial  caustic 
is  calculated  by  evaluating  the  radiation  integral  asymptotically 
This  latter  procedure  is  known  to  be  a  -very  good  high  frequency  approx 
mat ion. 
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At  aspects  close  to  the  rear  axial  caustic  we  employ  the  same 
equivalent  currents  as  are  used  for  the 'rear  axial  case  itself. 
Strictly  speaking  this  does  not  seem  to  be  justified,  but  we  fir.d  that 
the  patterns  calculated  by  this  procedure  blend  smoothly  with  the 
patterns  calculated  by  the  two  point  method.  Moreover,  we  note  that 
near  the  rear  axial  caustic  Ds  and  are  slowly  varying  functions  of 
the  angle  of  diffraction  in  this  application,  and  so  keeping  them  con¬ 
stant  for  a  limited  range  of  aspects  is  not  a  poor  approximation. 

These  equivalent  currents  have  been  used  by  Ryan25  to  calculate  the 
scattered  fields  at  the  axial  caustics  of  several  bodies  of  revolution. 


tor 

(44) 


In  calculating  the  field  near  the  rear  axial  caustic  of  the  reflec- 


!(„.)  =  .  1 


cos  cp*  Ds  (7,7*) 


and 

(45) 


M(cp') 


-  Ef(<p‘)  sin  cp*  Dh  (7>7* ) 


where  the  angles  7,7'  are  the  angles  of  diffraction  and  incidence  at 
the  edge  of  the  reflector  as  shown  in  Fig.  8.  The  electric  field  Ee 
produced  by  the  ring  current  l(q>')  is  given  by  the  radiation  integral 
(App.  III). 


jkaZp 

4n 


e-jkR  r2n 

f  Jo 


sin  9  cos  (CP-(P‘) 

(RxRx<p* )  dcp’ 


and  the  electric  field  produced  by  the  magnetic  ring  current  M(q>* )  is 
given  by 

(47)  ^  ®“JkR  f2n  M(cp'Mka  sin  6  cos  (<p-q>’)  . 

X  U  kx  R  JO  W  '  (R  x  q>«)  dq>‘ 


The  total  electric  field  is  then  given  by  the  superposition  of  Ee  and 
Thus 

(48)  E  =  Ee  +  E?11  . 

In  order  Lo  evaluate  these  integrals  it  is_necessary  to  express 
the  field  of  the  feed  Ef  as  a  function  of  cp’ .  E^(cp' )  can  be  determined 
from  measurement  or  calculation .  In  the  former  case  it  is  customary 
to  measure  the  E-  and  H-plane  patterns  of  the  feed.  The  measurement 
of  the  feed  patterns  in  these  two  planes  may  suffice,  if  the  differ¬ 
ence  between  the  two  patterns  is  not  too  great. 
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(a) 

REFLECTOR  ANTENNA  AND  RAYS  FORMING 
REAR  AXIAL  CAUSTIC 


(b) 


(C) 


DIFFRACTION  AT 
HALF- PLANE 


EQUIVALENT  EDGE 
CURRENT 


Figure  8. 


If  the  pattern  of  feed_is  relatively  uniform  we  may  functionally 
interpolate  between  Ee  and  H-plane  patterns.  The  type  of  interpolation 
used  in  this  analysis  is  described  below: 


(49) 

Ef(cp‘)  =  eJ(oO  -  [e£(gO  -  Ej(a)  ]  cos2<p' 

which  can 

be  written  as 

(50) 

E^cp* )  =  T  -  &  cos  2cp*  , 

where 

(51) 

T  _  4  +  4 

T  “  2 

(52) 

f  f 

&  _  Ee  "  Eh 

Eqs.  (44),  (46)  and  (50)  now  yield 


_a  e“j(kR 

•Tk  R 


r  («  cos  2q>« )ejka  sin  6  cos  (9-9' )  cos  q>* 
Jo 


(53) 


(R  x  R  x  9')  dq>‘  , 


and  similarly,  Eqs.  (45),  (47)  and  (50)  yield 


^ra  a  e' 
= 

(54) 


-j(kR  - 


\  r  <™  cos  2(p‘  )e^ka  sin  0  cos  (9-9*  )sin  9’ 

Jo 


(R  x  <p* )  dcp’  , 


where  Ds  =  Ds(7j7f)  and  D&  =  jDh(7s7‘)  as  mentioned  earlier. 

The  vector  products  appearing  in  the  integrals  are  different  for 
the  two  principal  planes  and  therefore,  the  evaluation  of  the  integrals 
is  carried  out  for  the  E-  and  H-planes  separately. 

a)  E-plane  Analysis 

In  the  E-plane  (cp  =  ^  )  the  vector  product  appearing  in  the  integral 
of  Eq.  (53)  can  be  expressed  in  the  form 

A  A  A  A  A  A 

(55)  R  x  R  x  cp*  =  x  sin  cp*  -  $  cos  0  cos  cp* 
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Employing  this  I’elationship  in  Eq.  (53)  It  is  found  upon  evaluating  the 
integral  that  the  x-component  vanishes  and  the  6-  component,  denoted  by 
Fe(0),  is 

(56)  Fe(0)  =  *  cos  6  [(t  -  !)jo(x)  +  (T-B)  Ja(x)  -  |  J4(x)] 
where 

X  =  ka  sin  0  , 

Jm(x)  is  the  mth  order  Bessel  function  with  argument  x- 
Eq.  (53)  can  now  be  written  as 

Ee  =  0  M  Ds  cos  0  “~JkR[(T  "  !)J0(X)  +  (T-5)  Ja(x)  -  |  J4(x)]ej* 

(57) 

Returning  to  Eq.  (5*0,  for  the  E-plane  the  vector  product  inside 
the  integral  can  be  expressed  in  the  form 

A  A  A  A 

(58)  R  x  q>’  =  -  x  cos  0  cos  cp?  *  0  sin  <p’ 

Again  the  x-component  vanishes  on  evaluating  the  integral  leaving  only 
the  0-component  which  is  given  as 


(59)  I“(0)  =  -  n[  (t  +  !)jo(x)  -  (T+&)  J2(x)  +  |  J4(x)] 

Thus  Eq.  (54)  reduces  to 

(60)  p  =  _  0  J *Dh  |~°(kR  "  4)  j^T  +  |)  J0(x)  -  (T+B)  Ja(x)  +  |  J4(x)] 


Employing  Eqs.  (57)  and  (60)  in  Eq.  (48), 
(61)  E  =  -  0 


•;  _  ic  N  _ 

||  v  * ’  [A3.J0(x)  +  A2J2(x)  +  A3J4(x)]  > 


where 

(62a)  Ax  =  T(Dh  -  Ds  cos  0)  +  |  (Dh  +  Ds  cos  0)  , 
(62b)  A2  =-T(Djj  +  Ds  cos  0)  -  5  (Dh  -  Ds  cos  0)  , 
(62c)  A3  =  |  (Dh  +  Ds  cos  0)  . 
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b)  H-plane  Analysis 


In  the  H-plane  4>=  0 ,  7T  and  the  vector  product 


(63) 


A  A  A  A  A 

R  x  R  x  iji1  =  -  y  cos  4>*  +  0  sin  <f>'  cos  8, 


and 

(64) 


R  x  J1  =  -  y  cos  0  sin  <J>'  -  Q  cos  <p* . 


Substituting  Eq.  (63)  in  Eq.  (53)  and  evaluating  the  integral,  the 
contribution  from  the  8-component  vanishes  leaving 


-j(kR-  f) 

- -  [(T-  |)  Jo(X)  - (T-5)  J2(X)  -  |  J4(X>] 


(65)  se  =  y  D  — 

3 

Next  evaluating  the  integral  in  Eq.  (54)  after  substituting  Eq.  (64) 
in  the  equation,  we  obtain  the  y-component  as 

-j(kR-  |) 


R 


[(T+  f)J()(x)  +  (T+6)J2(X)+  f  J4(x>] 


(66)  E  =  -y  jrr  cos  0  ~ 

— 0  “TH 

The  total  field  is  obtained  as  earlier  by  superposing  E  and  E  obtained 
above.  Thus 


(67)  E  =  y 


ira  e 


-j (kR-  f) 


ft 


R 


[Bx  Jo(X)  +  B2  J2(X)  +  B3  J4(x)]  , 


wnere 


(68a)  B.  =  T(D  -  D,  cos  8)  -  £  (D  +  D.  cos  0) , 
1  s  n  L  s  n 

(68b)  B  ■  -T(D,  +  D  cos  8)  +  6(D  -  D  cos  0) , 


(68c)  B,  =  *  (D  +  D.  cos  6) . 
d  /  s  h 

The  rear  axis  is  common  to  both  the  E~  and  H-planes  and  therefore, 
we  expect  both  these  planes  to  give  identical  results  corresponding  to 
this  direction.  This  has  been  found  to  be  so,  with  the  rear  axial  field 
given  bv 


(69) 


E00  -  + 


.  *  -j  (kR-  -) 

n  l  /O’  .L  H  1  a  4 


47 


R 
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III,  MAIN  LOBE  AND  ADJACENT  SIDE  LOBES 

In  this  chapter  a  description  of  the  aperture-field  method  and  its 
application  to  compute  the  fields  in  the  forward  axial  region  are  given. 
The  aperture  blockage  caused  by  the  feed  structure  and  its  effect  on 
the  radiation  pattern  are  also  discussed. 


A.  Methods  of  Calculation 


The  forward  axis  of  a  reflector  of  revolution  with  axial  illumina¬ 
tion  is  a  caustic  of  the  diffracted  rays;  moreover  in  the  case  of  a 
parabolic  antenna  one  also  has  a  congruence  of  the  ordinary  reflected 
rays.  Consequently,  geometrical  optics  and  the  geometrical  theory  of 
diffraction  fail  at  and  near  the  forward  axial  direction,  and  as  in 
the  case  of  the  rear  axial  caustic,  we  calculate  the  field  in  the 
neighborhood  of  forward  aspect  from  an  integral  representation. 

One  may  calculate  the  field  of  the  reflector  antenna  in  the  for¬ 
ward  axial  region  either  from  the  current  induced  on  the.  surface  of 
the  reflector  (current-distribution  method)  or  from  equivalent  sources 
in  the  aperture  of  the  reflector  (aperture-field  method).  In  the 
current-distribution  method  the  electric  current  flowing  on  the  surface 
of  the  reflector  is  approximated  by  the  geometrical  optics  current 

(70)  JS(R')  =  2  n  x  Hf(R') 

where  here  R'  is  the  position  vector  of  a  point  on  the  surface  of  the 
reflector,  n  is  a  unit  normal  to  the  surface  at  R*  and  H^(R')  is  the 
magnetic  field  of  the  feed  at  R' .  The  calculation  of  the  far  field  of 
the  reflector  from  Jg  is  not  easy.  In  the  case  of  the  parabolic 
reflector,  a  simple  approach  is  to  be  found  in  the  aperture-field 
method  described  in  this  chapter.  In  the  aperture-field  method  geo¬ 
metrical  optics  is  used  to  determine  the  aperture  field  in  terms  of 
the  field  of  the  feed,  taking  into  account  the  reflection  which  occurs 
at  the  surface  of  the  reflector. 

Both  of  these  approaches  have  been  discussed  and  compared  by 
Silver,  see  Chapters  5  and  12  in  [5).  The  current-distribution  method 
is  clearly  the  more  accurate  method;  however,  as  the  diameter  of  the 
aperture  in  terms  of  a  wavelength  increases,  the  pattern  calculated 
from  the  current-distribution  method  approaches  the  pattern  calculated 
from  the  aperture-field  method.  This  approach  is  particularly  rapid 
in  the  forward  axial  region,  and  as  a  result  the  aperture-field  method 
can  be  used  to  calculate  the  pattern  of  most  aperture  sizes  of  practi¬ 
cal  interest  in  the  forward  axial  region.  This  conclusion  is  also 
supported  by  the  work  or  Tartakovskii7  who  shows  patterns  calculated 
by  the  two  methods;  in  the  forward  axial  region  they  are  seen  to  agree 
well.  However,  in  the  case  of  very  deep  reflectors  with  f/D  <  about 
.25  it  may  be  necessary  to  use  the  current-distribution  method. 
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As  mentioned  earlier,  the  forv/ard  axial  fieJ.ds  are  computed  hero 
for  the  case  of  a  parabolic  reflector  only;  however  the  method  can  be 
applied  to  reflectors  of  other  shapes  also.  Figure  9  shows  the  con¬ 
figuration  of  the  ray  system  employed  to  determine  the  aperture  field. 
Consider  a  tube  of  rays  emanating  from  the  feed  F  located  at  the  focal 
point  of  the  reflector;  this  tube  of  rays  is  reflected  from  the  surface 
at  QQr  and  appears  at  PP*  in  the  aperture.  The  intensity  of  this  tube 
of  rays  at  PP'  is  obtained  from  the  principle  of  power  conservation  in 
a  tube  of  rays.  Let  the  intensity  of  the  reflected  field  at  PP*  be 
|Eaj.  The  intensity  of  the  incident  field  at  the  surface  of  the  reflec¬ 
tor  is|Ef(R')|.  Therefore,  according  to  the  principle  of  power  concen¬ 
tration  in  a  tube  of  rays 


(71)  |Ef(R’)|2  R*  #  P'  dt’  dp  ’  =  |Ea|2  dp'  p*  d*'; 


which  reduces  to 
(72) 


I Ea |  =  |Ef(R')|  Rl  — 
dp 


Fig.  9  -  Rays  used  to  calculate  the  aperture  field  distribution. 
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For  the  paraboloid  of  revolution  with  focal  distance  f 


(73)  *  =  tan"1  - . ?-  ■  , 

f  -  £_ 

4f 

which  yields 

(74)  = _ 1  1_ 

dp*  f  +  Ell  R* 

4f 

so  that  employing  Eqs.  (6),  (9),  (72)  and  (74) 

(75)  |Eal  = 

'  R1 

Finally  adding  polarization  and  phase  information 

(76)  Ea(p«  ,<p* )  =  y  A  h(p*  ,<p« )  _£“jkR°  , 

R* 

where 

-  h(p*,q>*)  =  f(^,q>»)  =  g(0f,q>f)  , 

Ro  is  the  distance  from  the  focus  to  the  edge  of  the  reflector. 

The  normalizing  constant  A  is  chosen  so  that  the  amplitude  of  the 
electric  field  in  the  center  of  the  aperture  is  unity.  Since  hfo}  = 

A  at  f  the  focal  distance,  and  ' 

(77)  .  Ea(p«  ,?')»yf  h(p*  ,cp« ) 


Even  though  it  has  been  assumed  that  the  feed  radiation  is  linearly 
polarized  in  the  y  direction,  the  aperture  field  is  in  general  not 
linearly  polarized  due  to  the  curvature  of  reflecting  surface.  The 
aperture  field  has  a  cross  polarized  component  in  the  x  direction  which 
vanishes  in  the  two  principal  planes  leaving  only  the  y  component.  It 
is  also  seen  that  the  direction  of  the  x  component  reverses  as  one 
moves  from  one  quadrant  to  the  adjacent  one;  see  Fig.  12.2  in  [5]. 
Furthermore,  the  magnitude  of  this  component  is  small  compared  to  the 
y  component.  Therefore,  these  cross  polarized  fields  do  not  really 
contribute  to  the  far  zone  field  in  the  two  principal  planes;  however 
they  give  rise  to  small  cross-polarized  lobes  in  the  axial  planes  at 
45°  to  the  principal  planes.21 
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As  mentioned  earlier  h(pfcp')  may  be  determined  l'rom  calculation 
or  a  series  of  pattern  measurements;  however  in  many  cases  it  suffices 
to  measure  the  field  of  the  feed  in  its  E-  and  H-planes  and  to  deter¬ 
mine  the  field  of  the  feed  elsewhere  by  the  functional  interpolation 
scheme  described  on  page  21. 

Thus  the  aperture  electric  field  is  given  by 

(78)  Ea(p«,cp»)  =  y[^(p')  -  [  Ea  p* )  -  E*(p‘)J  cos2  <p*J 

This  can  be  written  in  terms  of  T  and  &  [Eqs.  (51)  and  (52)],  both  of 
which  are  functions  of  p> .  Consequently, 

(79)  ^(p*  ><P* )  =  y  [T(pf)  -  S(p»)  cos  2q>»] 


C.  Integral  Representation  of  the  Field 

The  integral  representation  of  the  fair  zone  of  a  radiating  system 
is  described  in  App.  III.  If  we  completely  enclose  the  reflector  by 
the  dotted  surface  S  as  shown^ in  Fig.  10,  and  if^the  exact  values  of 
the  equivalent  currents  Js  =  n  x  H  and  Ks  =  E  x  n  are  known  every¬ 
where  on  S,  then  the  radiation  from  the  reflector  can  be  found  exactly. 
However,  in  the  present  case  the  reflector  diameter  is  taken  to  be 
large  in  terms  of  a  wavelength;  consequently,  we  may  employ  the  follow¬ 
ing  approximations  in  calculating  the  reflector  far  zone  field  in  the 
forward  axial  region. 

1)  Js  =  o  on  the  back  side  of  the  reflector, 

2)  :ics  =  Ea  x  z,  where  Ea  is  given. by  Eq.  (79), 

3)  JS  =  z  x  p,  where  H*  =  L*  f*-  . 

Zo 

A  A 

In  addition,  the  approximations  R  .  z  =  cos  e  1  and  sin  6  ^  0 
may  be  used  in  the  amplitude  of  the  integrand  of  the  radiation  inte¬ 
gral,  with  the  result  that  the  far  zone  electric  field  of  the  reflec¬ 
tor  in  the  forward  axial  region  is  given  to  a  good  approximation  by 


(80) 


E(E)  -  ;  ifij e-W  •  "gaff.,  ds. 
A  R  JA 


Employing  Eq.  (79)  this  yields 
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A 


Fig.  10  -  Surface  of  integration  for  the  aperture -field  method. 


E(R)  =  yi 
A 


la ■#*[*[' 
K  R  Jq  Jq 


(81) 


[X(p>)  -  s(p')  CDS  ap>]  Ein  0  cos  ) 

p*  dp1  dtp* 


Carrying  out  the  integration  with  respect  to  tp', 


(82) 


E(R)  =  y  1  S“jkR  2n 
A  R 


f  [T(p*  )  J0(kp'  _A..  <y)  + 

Jo 


6 (p * >  cos  2cp  J2(kp'  sin  fl)]  p‘  dp1 


in  which  J0  and  J2  are  Bessel  functions  of  order  0  to  2  respectively. 

If  one  considers  the  two  principal  planes  only,  the  cos  2cp  term  inside 
the  integral  takes  the  value  -I  for  the  E-plane  and  +1  for  the  li-plar.e. 
T  and  5  can  be  expressed  in  terms  of  the  known  functions  fe(ty)  =  ^.(p’) 
and  fh(\^)  =  hh(p»)  using  Eqs.  (51),  (52)  and  (77),  as 
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(83)  T(p')  =  -t.  e-JkEo  [he(p')  t  l,|.,(p')] 

<84)  S(P')  »  jfr  e'JkR°  tHe(p')  -  l,h(p')]  . 


The  expressions  for  he  and  l))i  may  be  found  from  the  measured  t ?ed 
patterns  and  the  integration  in  Eq.  (82)  can  then  be  evaluated  numeri¬ 
cally  by  the  Simpson's  method.  To  avoid  cumulative  errors  forty  points 
per  wavelength  are  taken  in  the  integration,  which  is  repeated  at  half 
degree  intervals.  The  far  zone  pattern  is  normalized  to  the  main  beam 
maximum  value,  which  is  taken  to  be  0  dB. 

D.  lde  Aperture  Blockage 


The  presence  of  the  feed  and  its  support  in  the  path  of  the  reflected 
rays  has  not  been  taken  into  account  in  the  preceding  analysis.  One 
can  expect  that  this  will  give  rise  to  wide  angle  scattering  and  there¬ 
for  increase  the  side  lobe  levels  while  reducing  the  gain  slightly. 

Because  of  the  complicated  nature  of  the  feed  structure,  which  includes 
the  actual  radiator  and  its  supporting  structure,  an  exact  analysis  of 
the  contribution  made  by  the  aperture  blockage  is  a  difficult  task. 
However,  an  approximate  assessment  of  the  increase  in  side  lobe  levels 
in  the  forward  region  can  be  made  if  one  assumes  that  the  feed  blocks 
out  a  portion  of  the  aperture  radiation  equal  to  its  physical  cross 
section,  as  viewed  from  the  forward  axial  direction.  In  other  words, 
one  assumes  that  the  feed  gives  rise  to  a  shadow  in  the.  aperture  field 
in  the  geometrical  optics  sense.  This  is  the  customary  method  of  ap¬ 
proximating  the  effect  of  aperture  blockage.  In  the  second  example 
treated  here,  there  is  a  significant  aperture  blockage;  in  this  case 
the  shadow  area  can  be  approximated  by  a  circle  of  radius  c.  Since 
the  shadow  area  is  located  at  the  center  of  the  reflector  aperture 
and  is  relatively  small,  the  aperture  field  here  is  approximately  equal 
to  unity.  The  far  field  set-up  by  this  "shadow"  aperture  can  be  written 
as 


(85) 


-  j  „._2  Ji(kc  sin  0) 

y  -  -  2nc  -  - -  e  JKK0 

A  n  kc  sin  0 


where  Jx  is  the  Bessel  function  of  order  1.  The  resultant  field  in  the 
forward  axial  region  can  then  be  obtained  by  the  super-position  of 
Eqs.  (82)  and  (85). 

Since  the  hypothetical  shadow  apei’ture  is  small  compared  with  the 
reflector  aperture,  its  pattern  given  by  Eq.  (85)  will  be  very  broad 
describing  a  background  radiation  in  the  forward  axial  legion  which  is 
roughly  constant  and  opposite  in  phase  to  the  reflector  pattern  on  axis. 
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IV.  MEASUREMENTS 


In  order  to  check  the  theoretical  analysis  given  in  the  previous 
chapter  measurements  were  take  n  on  a  parabolic  reflector  antenna  operat¬ 
ing  in  the  X-band  range  of  frequencies.  A  description  of  the  antenna, 
the  antenna  range  and  the  E-  and.  II-plane  patterns  obtained  for  the 
primary  field  of  the  feed  are  presented  in  this  chapter. 


A.  Description  of  the  Antenna 


The  antenna  used  to  obtain  the  far  field  power  patterns  (Figs.  15 
and  16)  is  shown  in  Fig.  11.  The  diameter  of  the  aperture  of  the  para¬ 
bolic  reflector  is  24.0  inches  and  its  focal  length  is  8.0  inches.  The 
edge  of  the  surface  has  a  thickness  of  0.057  inch  which  can  be  considered 
small  compared  with  the  measurement  wavelength.  The  feed  is  an  open- 
ended  flanged  rectangular  waveguide.  The  feed  support  consists  of  a 
tripod  which  is  fabricated  of  polystyrene.  The  cylindrical  legs  of  this 
tripod  are  0.37  inch  in  diameter  and  are  mounted  well  away  from  the  edge 
of  the  reflector  to  minimize  interference  with  the  edge  diffraction.  A 
simple  tuner  in  the  form  of  a  waveguide  plunger  is  employed  to  match 
the  feed  to  a  crystal  mixer.  The  i-f  output  of  the  mixer  is  fed  to  a 
coaxial  transmission  line,  which  is  attached  to  one  of  the  legs  of  the 
tripod. 

The  position  of  the  feed  was  carefully  checked  to  ensure  that  its 
effective  phase  center  was  at  the  focal  point  of  the  reflector.  It  was 
first  positioned  mechanically,  then  finally  adjusted  to  obtain:  l)  a 
maximum  radiated  signal  in  the  forward  axial  direction,  2)  a  pattern 
symmetrical  about  the  reflector  axis.  It  was  found  that  the  focus  of 
the  reflector  is  about  0.1  inch  behind  the  aperture  of  the  feed. 


B.  The  Antenna  Range 

An  outdoor  antenna  range  was  employed.  The  patterns  of  the  reflec¬ 
tor  antenna  were  measured  at  a  range  of  45  feet,  which  corresponds  to 
R  =  D2/A,  here  D  is  the  aperture  diameter.  A  block  diagram  of  the 
antenna  measuring  system  is  shown  in  Fig,  12. 


The  transmitter  consists  of  a  frequency  stabilized  X-13  klystron. 
The  transmitted  power  is  approximately  150  milliwatts,  and  the  measure¬ 
ment  frequency  is  11  Ghz.  The  transmitter  feeds  a  horn  which  has  cor¬ 
rugated  inner  walls  to  minimize  its  side  lobe  level.  The  horn  has  a 
gain  of  about  20  db,  and  its  half  power  beam  widths  are  approximately 
15  degrees  in  the  E-  and  H-planes.  Tne  horn  is  mounted  about  13  feet 
above  the  ground.  The  parabolic  antenna  is  mounted  at  the  top  of  a 
metal  mast  6  feet  long  and  1.75  inches  in  diameter.  The  mast  in  turn 
is  mounted  on  a  pedestal  whose  height  and  axis  rotation  are  adjustable. 
The  rotation  ol  the  pedestal  is  controlled  from  a  panel  by  a  sclsyn 
system;  a  second  selsyn  system  controls  the  rotation  of  the  recorder 
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(b)  (c) 


Fie.  11.  Description  of  the  parabolic  reflector  antenna 
used  in  the  measurements. 


31 


FEED  AND 
MIXER 


S 

*9 

:§  <  z 

a:  cd  a: 


2 

O 

t  l/> 

x  >-. 


lit 

o 

<r 

3 

O 

in 


32 


Fig.  12  -  Diagram  of  the  antenna  measuring  system. 


drum  from  the  panel.  Ln  recording  the  patterns,  two  degrees  of  antenna 
rotation  correspond  to  one  inch  of  recorded  pattern.  Before  a  pattern 
measurement,  both  ti.e  height  of  the  antenna  and  the  orientation  of  the 
axis  of  rotation  of  the  mast  were  carefully  checked  to  make  certain  the 
range  was  aligned. 

The  i-f  output  of  the  parabolic  antenna  is  fed  to  a  Scientific - 
Atlanta  series  1600  receiver,  which  in  turn  is  connected  to  a  Scientific- 
Atlanta  series  1520  recorder.  The  receiving  system,  including  the  crys¬ 
tal  mixer  at  the  antenna  feed,  has  a  sensitivity  of  about  -9 6  dbw  at 
11  Ghz.  In  principle,  the  antenna  measuring  system  is  sensitive  enough 
to  record  the  complete  E-  and  H-plane  patterns  of  the  parabolic  antenna 
at  a  45  feet  range.  In  other  words,  the  transmitter  power  level  and 
receiver  noise  level  are  not  a  limitation  to  pattern  measurement. 
Satisfactory  E-plane  patterns  were  recorded.  Also  satisfactory  H-plane 
patterns  were  recorded,  except  for  the  deep  shadow  region  behind  the 
reflector;  there  only  the  primary  lobe  of  the  rear  axial  caustic  was 
strong  enough  to  be  measured  without  interference  from  a  background 
signal.  These  measured  E-  and  H-plane  patterns  are  compared  with  cal¬ 
culated  patterns  in  the  next  chapter. 

During  the  measurement  of  the  pattern  behind  the  reflector,  the 
main  beam  illuminates  a  field  of  closely  mowed  grass.  Rough  calcula¬ 
tions  show  that  the  terrain  backs catter  from  this  field  of  grass  is 
about  the  same  order  of  magnitude  as  the  H-plane  signal  received  behind 
the  reflector.  It  is  believed  that  this  terrain  scatter  is  the  spurious 
background  signal  mentioned  in  the  preceding  paragraph. 

C.  The  Primary  Feed  Patterns 


The  patterns  of  the  primary  feed  also  were  measured  at  a  range  of 
45  feet.  The  flanged  waveguide  feed  supports  only  dominant  TE0x  mode, 
so  that  it  produces  a  linearly  polarized  field.  The  measured  patterns 
in  both  E-  and  H-plane s  are  shorn  in  Fig.  13.  It  is  seen  that  the  E- 
plane  pattern  has  a  taper  of  about  13  db,  and  the  H-plane  pattern  a 
taper  of  about  16  db  at  angular  distances  corresponding  to  the  reflec¬ 
tor  edge.  The  beam  widths  at  the  3  db  level  are  66°  and  56°  in  the  E- 
and  H-planes,  respectively.  The  patterns  are  roughly  similar  to  those 
calculated  from  theoretical  formulas  for  the  unflanged  open-end  rectan¬ 
gular  waveguide,  assuming  that  no  reflected  waves  exist  at  the  guide 
termination.22  However,  these  formulas  were  not  used  in  the  analysis 
as  the  representation  of  the  primary  feed  pattern;  it  was  found  to  be 
rather  critical  in  determining  the  secondary  jjattern.  Therefore,  the 
measured  primary  patterns,  in  both  E-  and  H-planes  were  represented 
closely  by  empirical  formulas,  so  that  they  could  be  employed  to  inter¬ 
polate  the  values  at  each  of  the  points  used  in  the  integration  of 
Eq.  (82).  For  the  E-plane  a  good  empirical  expression  is  given  by 

(86)  feU0  =  e~3-5  *  *2  +  1.3  x  L0"s  y* 
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and  the  the  H-plane 


(87)  fh0>-)  =  e-4'4  x  10"4  V2  +  2.0  x  10-s  r 

where  \j?  is  measured  in  degrees.  These  formulas  are  valid  cr.ly  in  the 
forward  region  of  the  feed  where  the  patterns  have  a  rtonotcr.ic  behavior. 
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V.  RESULTS  AND  DISCUSSION 

The  methods  developed  earlier  are  applied  to  calculate  the  patterns 
of  two  parabolic  reflector  antennas.  One  of  them  is  the  same  antenna 
described  in  the  last  chapter,  the  ether  is  a  parabolic  reflector  with 
a  dipole  feed.  A  comparsicn  of  the  calculated  patterns  is  presented  in 
this  chapter,  and  some  conclusions  are  reached  concerning  the  utility 
of  the  geometrical  theory  of  diffraction  in  this  type  of  problem. 

The  scattering  from  the  feed  and  its  support  are  only  approximated 
crudely,  see  section  3.4;  therefore  it  is  desirable  in  evaluating  the 
present  method  of  analysis  to  begin  with  a  case  where  the  scattering 
from  the  feed  and  its  support  is  minimal.  In  such  a  case  we  can  see 
how  well  this  method  predicts  the  wide  angle  radiation  from  the  reflector. 

A.  Parabolic  Reflector  with  Dipole  Feed 

Afifi"^  has  measured  the  H-plane  pattern  of  a  parabolic  antenna 
mounted  on  a  ground  plane.  The  feed  consists  of  a  dipole  positioned  at 
the  focus,  which  lies  in  the  aperture  of  the  reflector  In  this  con¬ 
figuration  there  is  no  scattering  from  the  feed  suppor  and  the  scatter¬ 
ing  from  the  feed  itself  is  relatively  small  compared  with  che  edge 
diffraction  and  direct  feed  radiation. 

The  aperture  diameter  is  10.65Xand  f/D  ratio  is  0.25.  Afifi's 
measured  pattern  is  compared  with  .  pattern  calculated  from  computer 
programs  based  or.  the  two  point  and  ring  current  methods;  the  pattern 
calculated  by  the  latter  method  blends  smoothly  with  that  calculated  by 
the  former  method  at  0  =  168°.  The  pattern  in  the  forward  axial  region 
was  not  calculated  as  it  would  simply  coincide  with  that  calculated  by 
Afifi,  who  used  the  current-distribution  method.  At  the  shadow  boundary 
the  secondary  pattern  is  6  dB  below  that  of  the  primary  pattern;  this 
was  used  to  relate  the  levels  of  the  calculated  and  measured  patterns 
shown  in  Fig.  14. 

The  agreement  between  calculated  and  measured  patterns  is  excellent 
between  the  forward  axial  region  and  the  shadow  boundary  of  the  reflec¬ 
tor  (from  10°  to  90°)  and  also  in  the  shadow  region  behind  the  reflector 
from  90°  to  130°.  The  agreement  in  the  deep  shadow  region  at  aspects 
greater  than  130°  is  good.  Based  upon  previous  experience  with  pattern 
measurement  in  the  deep  shadow  region,  it  is  safe  to  attribute  a  good 
part  discrepancy  here  to  measurement  error  at  these  low  signal  levels, 
see  the  discussion  on  page  33.  Thus,  in  general,  this  comparison 
between  calculated  and  measured  patterns  is  very  gratifying,  because  it 
confirms  the  accuracy  of  our  solution  based  upon  the  geometrical  theory 
of  diffraction. 
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Fig.  lU  -  H-plane  pattern  oi'  a  parabolic  reflector  with  a  dipole  feed. 
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B.  Parabolic  Reflector  with  Flanged  Waveguide  Feed 


This  antenna  and  the  measurement  of  its  patterns,  together  with 
the  patterns  of  its  feed,  are  described  in  Chapter  IV.  The  patterns 
are  calculated  from  computer  programs  which  are  based  on  all  of  the 
analytical  methods  described  in  Chapters  "I  and  III,  including  the 
aperture  blockage  due  to  the  feed  alone.  The  pattern  calculations  for 
the  forward  and  rear  axial  regions  are  joined  smoothly  with  those  cal¬ 
culated  by  the  two  point  method. 

The  calculated  and  measured  E-plane  patterns  are  compared  in 
Fig.  15.  The  patterns  were  first  calculated  neglecting  aperture  blockage 
(solid  curve),  and  then  the  effect  of  aperture  blockage  was  included 
(dotted  curve)  in  the  region  between  0  and  25  degrees.  It  was  felt  that 
the  nature  of  the  approximation  did  not  justify  the  inclusion  of  aperture 
blockage  at  the  larger  aspect  angles.  In  part,  this  belief  was  based 
on  the  fact  that  the  scattering  from  the  dielectric  rods  contributes 
perceptibly  at  the  larger  aspect  angles,  and  this  was  not  included  in  the 
analysis . 

The  power  level  of  the  main  beam  maxima  of  the  three  patterns  is 
chosen  to  be  0  dB,  and  it  is  clear  that  the  calculated  patterns  predict 
the  shape  of  the  main  beam  well,  as  one  would  expect.  The  calculated 
and  measured  patterns  also  are  in  very  good  agreement  in  the  region 
behind  the  reflector,  where  aperture  blockage  does  not  affect  the  pattern 
directly.  The  close  agreement  of  the  lobe  structure  of  the  two  patterns 
in  this  region  again  confirms  the  accuracy  the  analysis  based  on  the 
geometrical  theory  of  diffraction.  This  agreement  is  all  the  more 
remarkable  when  one  notes  that  it  occurs  at  pattern  levels  which  are 
40  to  50  dB  down  with  respect  to  the  main  beam  maximum. 

In  the  illuminated  region,  between  30°  and  the  shadow  boundary  at 
107°,  the  calculated  and  measured  patterns  are  in  fairly  good  agreement. 

In  the  region  between  5°  and  30°  t.ie  agreement  is  poor  unless  the  effect 
of  aperture  blockage  is  included.  The  calculation  without  aperture 
blockage  is  of  interest  in  the  region  between  5°  and  30°,  because  it 
indicates  the  minimum  achievable  side  lobes  in  the  region  close  to  the 
main  beam,  for  a  given  aperture  illumination.  Any  significant  £erture 
blockage  raises  the  level  of  these  side  lobes. 

.  „.In  the  H-glane  the  aperture  taper  is  3  dB  greater  than  that  in  the 
E-plane;  furthermore,  the  orientation  of  the  dielectric  rods  of  the  tlipod 
with  respect  to  the  polarization  of  the  feed  is  such  as  to  result  in  a 
somewhat  greater  scattering  from  the  tripod.  Thus  one  would  expect 
larger  discrepancies  between  the  calculated  and  measured  patterns  in  this 
plane,  and  this  expectation  is  confirmed  in  Fig.  16,  where  the  overall 
agreement  between  the  two  patterns  is  only  fair.  Despite  the  absence  of 
detailed  agreement,  the  general  behavior  of  the  measured  pattern  is  pre¬ 
dicted  qualitatively  by  the  calculated  pattern;  this  observation  is  par¬ 
ticularly  true  when  one  notes  that  the  comparison  .is  made  over  a  dynamic 
range  exceeding  60  dB. 


Fig.  15.  E-plane  pattern  of  a  parabolic  ref 


As  in  the  case  of  the  E-plane  pattern,  the  shape  of  the  main  beam 
is  predicted  well  from  the  apjrture-field  method.  Also  the  shape  of  the 
main  lobe  of  the  rear  axial  caustic  is  predicted  well  by  the  theory. 

The  minor  lobe  structure  in  the  deep  shadow  region  behind  the  reflector 
was  too  low  to  be  measured  accurately,  and  it  is  not  included. in  the 
measured  pattern. 

It  is  evident  from  the  above  discussion  that  the  scattering  from 
the  feed  and  its  support  can  play  an  important  part  in  determining  the 
side  lobes  of  a  reflector  antenna;  hence  it  is  desirable  to  extend  the 
present  solution  to  include  a  careful  analysis  of  this  effect. 

C .  Wide  Angle  Side  Lobes 

The  following  observations  concerning  the  characteristics  of  the 
wide  angle  side  lobes  of  a  parabolic  reflector  antenna  are  based  on  the 
two  examples  described  here.  In  the  region  between  the  forward  axial 
region  and  the  shadow  boundary  the  wide  angle  side  lobes  depend  upon 
the  direct  feed  radiation,  the  edge  diffracted  radiation,  and  the  aper¬ 
ture  blockage  if  it  is  significant.  The  average  level  of  these  side 
lobes  is  closely  related  to  the  feed  pattern.  There  is  a  pattern 
maximum  near  the  shadow  boundary  which  results  from  the  in  phase  com¬ 
bination  of  the  feed  radiation  and  the  edge  diffracted  radiation.  The 
edges  of  both  reflectors  are  sharn;  hence  the  field  at  the  shadow 
boundary  is  6  dB  below  the  feed  field  illuminating  the  edge. 

The  field  drops  sharply  as  one  enters  the  shadow  region.  In  the 
deep  shadow  region  the  many  well  defined  lobes  of  the  measured  pattern 
shown  in  Fig.  15  confirm  the  radiation  mechanism  associated  with  the 
two  edge  diffracted  rays.  Finally,  we  note  that  there  is  another  pattern 
maximum  at  the  rear  axial  caustic.  The  fields  diffracted  at  the  edge  of 
the  reflector  in  the  vicinity  of  the  E-plane  are  primarily  responsible 
for  this  relatively  large  pattern  maximum.  It  can  be  eliminated  by 
placing  a  limited  amount  of  absorber  at  appropriate  positions  on  the 
rim  of  the  parabola. 14  Also,  this  same  absorber  will  reduce  the  deep 
shadow  pattern  of  Fig.  15  to  roughly  that  of  Fig.  16.  This  illustrates 
the  usefulness  of  the  geometrical  theory  of  diffraction  solution  in 
antenna  design,  which  stems  from  its  direct  association  with  the  radi¬ 
ation  mechanism. 

D .  Conclusions 


The  complete  pattern  of  a  parabolic  reflector  antenna  can  be 
calculated  using  the  singly-diffracted  rays  of  the  geometrical  theory 
of  diffraction,  with  proper  corrections  for  the  forward  and  real  axial 
directions.  Excellent  agreement  with  experimental  patterns  can  be 
expected,  if  the  aperture  blockage  is  not  significant. 

The  solution  has  the  usual  advantages  of  a  solution  based  on  the 
geometrical  theory  of  diffraction,  namely,  it  is  obtained  in  the  form 
of  simple  functions,  its  computation  cost  is  low,  it  is  directly  related 
to  the  radiation  mechanism  of  the  antenna  sc  it  can  be  readily  used 
in  the  design  problem,  and  it  can  be  easily  extended  and  modified  as  the 
need  arises. 


41 


HALF-PLANE  DIFV'KACTIOi:  COEFFICIENT 


Tlie  dyadic  diffraction  coefficient  D  for  the  half-plane  can  oe 
expressed  in  terms  of  the  two  scalar  diffraction  coefficients  Ds  and 
Dh  for  the  soft  and  hard  boundary  conditions,  respectively.  Let  the 
total  scalar  field  U  be  the  sum  of  a  geometrical  optics  field  ar.d  a 
diffracted  field  U^.  At  the  surface  of  the  half-plane  U  =  0  for  the 
soft  boundary  condition,  whereas  du/dy  =  0  for  the  hard  coundary  condi¬ 
tion,  see  Figure  17.  The  diffraction  of  a  scalar  plane  wave  field  by 
a  half-plane  has  been  solved  exactly  by  Sommer feld: 23  recently  Parhsk 
and  Kouyoumjian24  have  obtained  an  asymptotic  solution  for  the  spherical 
wave  illumination  of  the  wedge.  This  solution  is  particularly  amenable 
to  interpretation  in  terms  of  the  geometrical  theory  of  diffraction. 

In  this  appendix  we  reproduce  the  results  of  their  solution  only  for 
the  half-plane  and  for  the  illumination  of  the  edge  at  normal  incidence. 


Figure  17. 


half-plane  diffraction  in  the  plane  which  contains 
the  source  and  is  perpendicular  to  the  edge. 


Fig.  17  -  Half-plane  diffraction  in  the  plane  which  contains  the  source 
and  is  perpendicular  to  the  edge. 


Let  Ui(s’ ,<p* )  be  the  field  of  the  spherical  wave  incident  ar  the  edge 
of  the  half-plane.  The  diffracted  fields  for  the  soft  (s)  ar.d  hard  (h) 
boundary  conditions  are 


(Al) 


uf(s,cp)  =  Ui(s,,9l)  Ds(<P>v' ) 
h  h 


where  the  scalar  diffraction  coefficients  are  given  by 


-  ill 

r>s(cPj^*)  =  -  ~t==- 

h  2  \l  2ixk 


F(kLa,)  i'(kLa+) 

- )•  - 

(p  -  Cp’  CP  +  (f)1 

cos  x - -1—  cos  x - 

2  2 


F(kLa-)  =  j2  s/kLa?  e^3-?  s^kLa-  e“J'r  dT  , 


a  =  2  cos2  liLUSL 
+  2 


s  +  s' 


F(kLa^)  is  a  correction  factor  needed  only  in  the  transition  regions  of 
the  reflection  and  shadow  boundaries.  Away  from  these  boundaries,  more 
precisely  when  kLa+  >  10,  F(kLa^)  =:  1  and  may  be  replaced  by  unity  in 
Eq.  (A2).  It  is  to  emphasize  this  behavior  that  we  show  the  diffraction 
coefficient  to  be  a  function  of  cp  and  cp‘  only. 

The  integral  appearing  m  this  factor  is  related  to  the  tabulated 
■Freenei  -integralr"  *  "*  •*  *  - -  *  *  *  *“  — **"'’*'"  -  ~ ' r  ‘ 

Te-^2  dT  =  ["  e"^2  dt  -  [X  e-H2  dT  , 
x  J0  J0 

where 

/V^2  dT  =  y|  (0.5  -  i  0.5)  , 

and 

dT  =  \JI  [c(yi  x)  -  3  s (sji  .)]  . 

C  and  S  being  the  tabulated  Fresnel  integrals  of  argument  x. 


^  [[°-5  -  c(v/i  ,)]  -  0  [o.5  -  s(^ 
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The  values  of  the  functions  C  and  S  are  obtained  using  the  library  sub¬ 
routines  available  in  the  IBM  360/75  computer. 

For  rays  normally  incident  on  the  edge  of  a  perfectly-conducting 
half -plane  the  dyadic  diffraction  coefficient16 

1 

(A7)  D  =  e  e  Ds  +  Pd  p  Dh  , 

where 

e  is  the  unit  vector  tangent  to  the  edge, 

p  =  e  x  Ibeing  the  unit  vector  in  the  direction 

of  the  incident  ray, 

pi  =  e  x  d;  d  being  the  unit  vector  in  the  direction 
o'1'  the  diffracted  ray. 

Thus  the  diffracted  electromagnetic  field 


(A8)  Ed(s,<p)  =  D(<M’)  *  E1  (s ’,<{>*) 


In  the  case  of  high  frequency  diffraction,  itJLs,  interesting to _ 

note~how  intimately ^scalar  diffraction  is  related  to  vector  (electro¬ 
magnetic)  diffraction,  as  evidenced  by  the  form  of  the  dyadic  diffrac¬ 
tion  coefficient. 


AP*>2!iDIX  II 
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t 


Thus 


% 


li  = 


_  a 


Ro 


and  •  dx  - 


R  sin 


which  yield 
(All) 


P 


a 

R  sin  0-a 


b)  Diffraction  at  Qa 


■n2  =  -  y 

I,  R  -  ya  -  z(f-h) 
Ro 


,  z  R  cos  0  +  y(R  sin  0  + 

d2  =  - - - - 

?2 


Thus 


n2  *  I2  = 


and  n2 


(R  sin  0 
r2 


which  yield 

(A12)  p2  = - - 

R  sm  0  +  a 
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APPENDIX  III 


FAR  ZONE  INTEGRAL  REPRESENTATION  OF  THE  FIELD 


y 


Fig*  18  -  Geometry  of  the  Source  Point  P*  and  the  Field  Point  P. 

The  far  zone  criteria  for  the  radiation  field  are  given  by 

a)  kr  »  1,  • 

b)  R  »  D1' with  R’  *  D’., 
where 

r  is  the  distance  between  the  source  point  P*  and  the 
field  point  P, 

R!  is  the  distance  between  Pf  and  0,  and 

D'  is  the  maximum  distance  of  the  source  distribution 
from  0. 
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These  conditions  .lead  to  uhe  following  approximations  in  the  radiation 
integral: 

—  * 

a)  r  ==  R  -  R*  •  K  in  the  calculation  of  phase, 

b)  r  R  in  the  amplitude  term, 

c)  terms  of  order  and  ~  are  neglected. 

The  electric  field  E  and  the  magnetic  field  H  will  each  be  trans¬ 
verse  to  the  direction  of  propagation  R  and  are  related  by  the  char¬ 
acteristic  impedance  of  the  medium  Z0,  so  that 


(A13) 


E  =  Z0  II  x  R 


The  electric  field  due  to  an  electric  current  moment  dpe  is  given  by 


(A14)  Ee(R)  = 


jkZ0 
krt  R 


e0kR'  •  RjjX  [r  x  dpe(R' )]  > 


sources 


and  the  corresponding  magnetic  field  follows  from  Eq.  (A13)  as 


(A15)  S^R)  »-&£■“ 

kn  R 


ejkR'  *  S  R  x  dPe(R») 


sources 


The  electric  field  due  to  a  magnetic  current  moment  dp^  is  obtained 
from  the  above  equation  by  duality  and  is 

(Al6‘)  S“(R)  =  |~dkR  f  e^1*'  *  *  jf0R  x  aSn(R» )  . 


source 


The  current  moments  for  surface  and  line  distributions  of  current  are 
given  by 


(A17) 


(A18) 


dPe(R')  = 


dftatR*)  =  1 


JS(R»)  ds» 

1(5* )  b  df»  , 
KS(R«)  ds» 

M(i')  b  d£'  . 


Therefore,  the  total  electric  field  due  to  both  electric  and  magnetic 
current  sources  is  given  by 

— .  jkZo  g—0kR_ 

E 11  =  ‘  ~hf  ?  u  ’ 
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where  the  vector  far  field  amplitude 

(A20)  U  =  -  J  e**1®*  ‘  ^  R  x  (R  x  dpe ( R  * )  +  Y0  R  x  dpK( R’ ) ) 
source 


In  the  case  of  an  aperture  lying  in  the  xy~plane  the  equivalent 
surface  current  sources  are  given  by 

(A21)  Js  =  z  x  H9,  and  Ks  =  E3,  x  £ 

where  E3,  and  H3,  are  the  aperture  fields.  If  the  source  point  is 
described  in  cylindrical  coordinates  (p*  >0,cpl )  and  the  field  point  by 
spherical  coordinates  (R,0jcp), 

(A22)  Rs  •  R  =  p*  sin  9  cos  (cp-cp* )  . 
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